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1 Introduction 

In this paper, we establish a dispersive long time decay for the solutions to ID Dirac equation 
iij)(x,t) =7iip(x,t) := ionp'(x,t) +mPip(x,t) + V(x)ip(x,t), m > (1.1) 

in weighted energy norms. Here ip(x,t) G C 2 for (x,t) G M 2 , 

-(o- 1 :)- '-(!*) (L2) 

and V(x) a given Hermitian matrix potential: 
Vn(ar) V 12 (x) 



V(X) = { V21(X) V*{x) ) ' Vll(3;) ' V22(X) G M ' V21(S) = V12(X) ' * G M ' (L3) 

Hence, the Dirac operator % is Hermitian. The matrices a and /3 satisfy the relations 

a 2 =(3 2 = I, a(3 + (3a = (1.4) 

For s,a G M, let us denote by H s a = H°(M. 3 ) the weighted Sobolev spaces [1], with the finite 
norms 

\H\h s = ll(^) a (V) s u|| L 2 (M) < oo, (x) = (1 + |x| 2 ) 1/2 

We assume that 

|V n (x)| + \V 22 (x)\ + |V 12 (x)| + \V[ 2 (x)\ < C(x)-P, xeR (1.5) 

for some /3 > 5. Then the multiplication by V12 is bounded operators H] — > Hl +/3 for any 
sGl. 

We restrict ourselves to "nonsingular case" when the truncated resolvent of the operator % 
is bounded at the edge points A = ±m of the continuous spectrum. 

Our main result is the following long time decay of the solutions to (11. ip : in the nonsingular 

case 

\\v c ip{t)\y_„ = ^(ir 3/2 ), t -> ±00 (1.6) 

for initial data ipo — ^(0) G L 2 a := H® <8> C 2 with o > 5/2 where V c is a Riesz projector onto 
the continuous spectrum of the operator H. The decay is desirable for the study of asymptotic 
stability and scattering for solutions to nonlinear Dirac equations. 

Let us comment on previous results in this direction. The decay of type (11.61) in weighted 
norms has been established first by Jensen and Kato [7] for the Schrodinger equation in the 
dimension n — 3. The result has been extended to all other dimensions by Jensen and Nenciu 
[5. 6. 8J, and to more general PDEs of the Schrodinger type by Murata [13J. In [9J-[11J the 
decay of type (11.61) in weighted energy norms has been proved for the Klein-Gordon equations. 
For Dirac equations the Strichartz estimates were established in [T2j . The decay ~ t _1 in L°° 
norm were established in [2] for Dirac equations with small potential. The decay of type (1.9) 
in weighted norms for and Dirac equation without any smallness conditions on the potential 
was not obtained before. 



Weighted energy decay for ID Dirac equation 



2 



Let us comment on our techniques. We extend our approach [9] to the Dirac equation. It is 
well known that the decay ( II. 6p violates for the free ID Klein-Gordon and Dirac equation corre- 
sponding to V(x) = when the solutions slow decay, like ~ t^ 1 ^ 2 . Hence, the decay (II. 6p cannot 
be deduced by perturbation arguments from the corresponding estimate for the free equation. 
The slow decay is caused by the "zero resonance function" ip(x) = const corresponding to the 
end point A = of the continuous spectrum of the operator d 2 /dx 2 . 

Main idea of our approach is a spectral analysis of the "bad" term, with the slow decay 
~ t~ l l 2 . Namely, we show that the bad term does not contribute to the high energy component 
of solution to the free equation, and the high energy component decays like t~ 3//2 . Then we prove 
the decay ~ t~ 3 / 2 for the high energy component of solution to perturbed equation (II. ip using 
finite Born series and convolutions. For the proof we apply a gauge transformation to obtain 
a suitable expression for the resolvent of the operator % via resolvent of the corresponding 
"squared Dirac operator" which is a matrix Schrodinger operator with a perturbation. The 
perturbation does not contain differential operators which allows us to apply the estimates 
(I3.15P obtained in [7] for Schrodinger operator. 

For the low energy component of solution to perturbed equation, the decay ~ t~ 3//2 follows 
in the "nonsingular case" by methods [TJ [13] . 

Our paper is organized as follows. In Section [2] we obtain the time decay for the solution to 
the free Dirac equation and state the spectral properties of the free resolvent which follow from 
the corresponding known properties of the free Schrodinger resolvent. In Section [3] we obtain 
spectral properties of the perturbed resolvent and prove the decay (11.61) . 



2 Free Dirac equation 

First, we consider the free Dirac equation: 

iip(x, t) = Hqi/j^x, t) := iaip'(x, t) + mf3ip(x, t) (2.1) 

Denote by U{t) : ?/>(•, 0) — » ip(-,t) the dynamical group of the equation (12.11) . It is strongly 
continuous group in L 2 := L 2 (IR) (g) C 2 . The group is unitary that follows from the charge 
conservation. 



2.1 Spectral properties 

We state spectral properties of the free dynamical group U (t) applying known results of [H [13] 
which concern the corresponding spectral properties of the free Schrodinger dynamical group. 
For t > and ipo — ^(0) E L 2 , the solution ip{t) to the free equation (12. ip admits the spectral 
Fourier-Laplace representation 

d(t)i){t) = — [ e-^+^Koiu + ie)ip du, i £ f (2.2) 
2m J 

K 

with any e > where 6{t) is the Heaviside function, 1Zq{uj) = ("Ho — uj)^ 1 is the resolvent of the 
operator "H - The representation follows from the stationary equation uip + (u) = "HoV^^+^o 

for the Fourier-Laplace transform ip + (ui) := / 9(t)e lujt ip(t)dt, to E C + := {Imu > 0}. The 
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solution ip(t) is continuous bounded function of t G R with the values in L 2 by the charge 
conservation for the free equation (12.11) . Hence, ip + {oj) = —HZq{uj)iPq is analytic function of 
uj G C + with the values in L 2 , bounded for u G R + is. Therefore, the integral (12. 2p converges 
in the sense of distributions of t G R with the values in L 2 . Similarly to (12. 2p . 

6(-tWt) = — — / e^- l£)t n^(uj - ieU dco, teR (2.3) 
2m J 

K 

The resolvent lZo(u) can be expressed in terms of the resolvent -Ro(C) = (~9 2 — C) _1 of the free 
Schrodinger operator. Indeed, (ll.4p implies 

(H - u)(H + u) = (iad x + m/3 - u)(iad x + m/3 + u) = (-d 2 x + m 2 - u 2 ) (2.4) 

Therefore, 

K (u) = (iad x + m/3 + u)R (u 2 - m 2 ) (2.5) 
where -Ro(C) is the operator with the integral kernel 

Ro((,x-y) = - eMi ft~ yl \ CGC\[0,oo), 1m?" >0 (2.6) 

2zVC 

Denote by C(Bi, B 2 ) the Banach space of bounded linear operators from a Banach space Bi 
to a Banach space B 2 . Explicit formula (12. 6p obviously implies the properties of -Ro(C) ( c f- 

i) i?o(C) is analytic function of ( G C \ [0, oo) with the values in C(H°, H 2 ); 

ii) For ( > 0, the convergence holds 

R {(±i£) ->■ Ro{(±i0), e-*0+ (2.7) 

in £(H®, H^Q.) with a > 1/2, uniformly in ( > r for any r > 0. 
hi) In £(H®; H 2 a ) with a > 5/2 the asymptotics holds 

R (() = A C 1/2 + A 1 + O(( 1 / 2 ), R' (Q = - l -A Q C' i/2 + O{C 112 ), R' \() = 0(C 5/2 ) (2.8) 
as C ->• 0, C e C \ [0,oo). Here 



A = Op 
A 1 = Op 



% 

L2 



eC(H° a ;H 2 _ a ), a>l/2 (2.9) 



- \x — y\ 
2 i y\ 



eC(H°;H 2 a ), a>3/2 



iv) For I = 0, 1, k = 0, 1, 2, ... and a > 1/2 + k the asymptotics hold 

ll4 fc) (OIL(H0,^ CT ) = 0(\C\-^), C^oo, CGC\(0,oo) (2.10) 



Let us denote T : = (— oo, — m) U (m, oo), The properties i) - iv) and formula H2 .51) imply 
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Lemma 2.1. i) The resolvent TZq(uj) is analytic function of uj G C \ V with the values in 
C(L 2 ,L 2 ). 

ii) For uj G T, the convergence holds 



K Q {u±ie) -^Ho{LO±iO), e -> 0+ 

in C(L 2 , L 2 _ a ) with a > 1/2, uniformly in \uj\ > m + r for any r > 0. 
Hi) In C(L 2 ; L 2 ^) with a > 5/2 the asymptotics hold 



(2.11) 



7e ( w ) = ^±(a; t m)~ 1/2 + Af + 0((w =F m) 1 



^( w ) = -i/*±(a; =F m)- 3 / 2 + =F m)- 1 / 2 ) 



-3/2^ 



uj —> ±m, u 6 C\T 



(2.12) 



Here 



= Op 



.Af = Op 



ZA/m / ±1 1 



G£(L 2 ;L1J, a>l/2 



~—m\x — y\ 


(I 1 






I 2 






4( 







sgn(x — w) 

For fc = 0, 1, 2, ... and a > 1/2 + k the asymptotics hold 

\\n { k) (uj)\\ c{L 2 iLla) = o(i) u^oo, uj ec\r 



(2.13) 

e£(Ll;L 2 _ a ), a>3/2 



(2.14) 



Corollary 2.2. For t G R and e l£ °" > V 2 ; ^ e 

group U(t) admits the integral 

representation 

U(t)^ = — I c~ iuJt \n {uj + zO) - n (uj - iO)] tpo duj (2.15) 
2m J 1 J 

r 

where the integral converges in the sense of distributions o/tel with the values in L 2 _ a . 



Proof. Summing up the representations (I2.2p and (I2.3p . and sending e — > 0+, we obtain (12.151) 
by the Cauchy theorem and Lemma 12.11 □ 



2.2 Time decay 



Here we prove the time decay (11.61) for the free Dirac equation (12.11) . Let G(t) = Op[G(x — w, t)], 
where G(x,t) is the fundamental solution to the Klein-Gordon operator d 2 — d 2 + m 2 : 



G(x,t) = -9(t - \x\)J (mVt 2 -x 2 ) 



where Jn is the Bessel function. Since 



(d t + ad x — im/3)(d t — ad x + im/3) = d 2 — d 2 + m 2 
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then for the integral kernel U{x — y, t) of the operator U(t) we have 

U{x, t) = (d t + ad x - im(3)G(x, t) (2.16) 
The asymptotics of the Bessel functions [H] imply 

G(x, t) ~ t~ 1/2 , d t G(x, t) ~ t~ 1/2 , d x G(x, t) ~ t~ 1/2 , x G R, t ->■ oo 
Hence (12. 16[) implies 

~ t~ 1/2 , xGR, Moo 

and then the free group decays like t~ x l 2 . The slow decay is caused by the presence of 

resonance at the edge points ( = ±m of the continuous spectrum. 

In [9] we obtain similarly (12 . 1 5[) the integral representation for the operator G(t): 



G{t)ip Q = -f- / e~ iut Rq((u + tO) 2 - m 2 ) - RMu - iO) 2 - m 2 ) ip duo (2.17) 

for t G R and £ L 2 with cr > 1/2. Let us introduce the low energy and high energy 
components of G(t) and U{t): 



Gi{t) 
G h (t) 



1 

2^ 
1 

27 



e-™%u) R {{u + iO) 2 - m 2 ) - R {(u - iO) 2 - m 2 ) du (2.18) 
e- iut h(u)\R ((uj + iO) 2 - m 2 ) - R ((co - iO) 2 - m 2 ) do; (2.19) 

rfw (2.20) 



= ^- I e~ iuit l(uj) n {u + iO) - n {uj - iO) 
2ni 



U h (t) 



1 

2tH 



e- tuJt h(uj) TZ (u + iO) - ^o(w - iO) 



da; 



(2.21) 



where /(a;) G C^°(R) is an even function, supp / G [— m — 2e,m + 2e], l(co) = 1 if |o>| < m + £, 
and h{ui) = 1 — In [9] we have proved that Gh(t) decays like t~ 3 / 2 . Here we will prove 

that Uh(t) also decays like t~ 3 ^ 2 . 



Theorem 2.3. Let o > 5/2. Then the decay holds 

ll^(t)|U ( ^ ;L2 _ CT) <C(l + |t|)- 3 / 2 , teR 
Proof. First, taking into account (I2.16p . (I2.19p . (I2.2ip we obtain that 

U h {t) = (d t + ad x -tm/3)G h (t) 
Further, [9], Theorem 2.7] implies that for cr > 5/2 

\\G h (t)\\ L{H o. !HlJ + \\d t G h {t)\\ c{Ll , L ,_ a) < C(l + |t|)- 3 / 2 ), t g 
Then (T223D and <^M> imply <^M>- 



(2.22) 
(2.23) 

(2.24) 
□ 
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3 Perturbed equation 

To prove the long time decay for the perturbed equation, we first establish the spectral prop- 
erties of its generator %. 



3.1 Spectral properties 

Similarly to [T3], formula (3.1)], let us introduce a generalized eigenspaces M 1 * 1 of the operator 

M ± = e H\ /2 _, : (l + ^eS^), A^ = 0} 
Where Aq and Af are defined in (I2.14p . ^R(A^) is the range of A^ . Below we assume that 



M= 







(3.1) 



Denote by TZ(u) = (H — u) 1 ,u6C\r, the resolvents of the operators "H. Next Lemma is 
the vector version of [T3J Theorem 7.2]. 

Lemma 3.1. Let the conditions / tl.5|) and Ii3.1\) hold. Then the families {TZ(±m + e) : ±m + e G 
c\r,| s\ < 5} are bounded in the operator norm of C(L 2 , L 2 _ a ) for any a > 3/2 and sufficiently 
small 5. 

Asymptotics (I2.12p and lemma 13.11 imply 
Proposition 3.2. Let the conditions i ll. 5)) and / I3.1)) hold. Then the asymptotics hold 



n{oj) - TZ(±m) = 0(\u =F m 
K'(u) = 0(\ujTm\ 



1/21 



-l/2^ 



11" (u) = 0(\uTm\~ 3/2 ) 



uj — > ±m, lo G C \ T 



(3.2) 



%n C(L 2 a ,L 2 _ a ) with a > 5/2. 



Proof. Lemma I3TTI implies that for any cr > 3/2 the operators (1 + 1Zq{uj)V)~ 1 = 1 — 1Z{u)V 
and (1 + VIZ^u)))^ 1 = 1 — V1Z(uj) are bounded in C(L 2 _ a , L 2 _ a ) and in C(L 2 ,Ll) respectively 
for \u =F m\ < 5, u G C \ T with 5 sufficiently small. Asymptotics (I2.12p imply 



K{cu) = (l + Ho(u)V) l Tl (co) = (l+72o(w)V) \A 

1 



+ 0(1)) 



i± 

o / — =^ — 

Vu =F m 



+ o(i))(i + vn (uj))- 1 



±m, u G C\r 



in C(L 2 a , L 2 _ a ) with a > 3/2. Hence, the boundedness K(u), (l+72o(w)V) _1 and (1 + VK (uj))- 1 
at the points u = ±m in corresponding norms imply that 

(l+K (w)V)^4= O(VuTm), A^(l+VH (u))- 1 = O(VuTm), tu^O, tu G C\f (3.3) 
in L^ CT ) with a > 3/2. Therefore, 

||(l + 7e MV) _1 [l]|| L 2 = 0{VwTrn), w^±m, w G C \ f, a > 3/2 (3.4) 
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and for any / G L 2 with o > 3/2 



[(1 + VRoiu))- 1 f](x)dx = 0(Vuo T m), u -> ±m, w G C \ T, a > 3/2 (3.5) 



Taking into account the identities 



K" 



(i + TioV)- 1 ^ - 2H'vn' (i + vn, 



.-I 



we obtain from ( I3.4p -( l3"3j) the asymptotics ( 13. 2 p for TZ'{u) and 1Z"{u). Finally, the asymptotics 
(13.21) for TZ{oS) follow by integration the asymptotics (I3.2p for 1Z'{uj). □ 

To obtain other properties of 1Z(u) we express 1Z(u}) in the resolvent of a matrix Schrodinger 
operator. First, we introduce the operator H, similar to % with matrix potential V(x) satisfying 
Vn(x) = V22{%) — 0. Namely, let us introduce the matrix of gauge transformation 



C 



\ 



X \ 

exp(-tJV u (y)dy) \ 

— oo 

X 

exp (ifV 22 (y)dy) 



(3.6) 



This matrix function is bounded by the conditions ( II. 3p . and 

C- 1 HC = H 

where 



U := iad~ + V, V 



Via 
V21 



with 



V 12 (x) = exp [i (V n (y) + V 22 {y))dy ){V l2 {x) +m), V 21 {x) = V 12 (x) 



(3.7) 
(3.8) 

(3.9) 



where we have used the conditions (11.31) . By (13. 7p the spectral properties of "H and "H are 
identical. Further, we have 



(H -u){U + uj) = {iad x + V{x) - co)(iad x + V(x) + to) 



(3.10) 



-dl + m 2 -u 2 + 2mReVi2 + I V10 1 2 



-iV' 



12 



iV 21 -d 2 x + m 2 -cu 2 + 2mRe V i2 + | V 12 \ 2 

Here H = H + V is the matrix Schrodinger operator with 



H-(u 2 -m 2 ) 



Hr 



d 2 x 
-dl 







V 



2mReVi2 + |Vi 2 | 2 ~iV 12 

iV' 2l 2mReVi2 + |Vi 2 | 2 



(3.11) 



Remark 3.3. Due / tl.3j) . the perturbation V is Hermitian and does not contain differential 
operators. This fact is essential for obtaining high energy decay / [3.31)) . / 13.33)) . and / [3.35|) . 
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cu^±m, cueC\T (3.13) 



Formula ( I3.10P implies the following representation for the resolvent TZ(u>) = (% — 00) . 

n(u) = (H + u)R(u 2 - m 2 ) = (iad x + V(x) + lo)R(lo 2 - m 2 ) (3.12) 

where -R(C) = (H ( G C \ [0, 00), the resolvent of the operators H. 

Due to (13. 7p we have 1Z{uj) = CTZ^C^ 1 . The resolvent 1Z{u) admits the low energy 
asymptotics of type ( 13 . 21) since matrix function (13. 6 p is bounded. Namely 

n(oo)-TZ(±m) =O(\i0Tm\ 1 / 2 ) 
K'(u) = O^uTm^ 2 ) 
n"{u) = 0{\uTm\-^ 2 ) 

in C{Ll, L 2 _ a ) with a > 5/2. 

Below we need the limiting absorption principle and high energy decay for the resolvent 
lZ(u). First, we obtain these properties for the resolvent R{() of the matrix Schrodinger 
operator H. 

Lemma 3.4. Let the conditions / I1.5)) and / I3.1)) hold. Then 

i) R{() is meromorphic function o/(gC\[0, 00). 

ii) For ( > 0, the convergence (limiting absorption principle) holds 

R((±ie) -^R((±i0), e ->■ 0+ (3.14) 

m C(H^H 2 a ) with a > 1/2. 

Hi) For I = 0,1, the asymptotics hold 

\\4\0\\c(H°, H Lj = O(\<\-^), C^oo, CGC\[0,oo) (3.15) 
with a > 1/2 + k for k = 0,1,2. 

Proof. Step i) The statement i) follows from Lemma l2.H -i). the Born splitting 

R(() = R (C)(l + VR (()r 1 (3.16) 

and the Gohberg-Bleher theorem [UH] since the operators VRq(Q is a compact operator in L 2 
for ( G C \ [0, 00). 

Step ii) The convergence (13. 14ft follows from the vector version of Agmon's theorem [Tj Theorem 
3.3 and Lemma 4.2] taking into account the absence of embedded eigenvalues follows from the 
theory of ordinary differential equations since V £ L 1 . 

Step Hi) The asymptotics (13 . 15[) follows from (I2.10p by the vector version of [TJ Theorem 9.2] . □ 

Lemma 13.41 and formula ( 13.121) imply 

Lemma 3.5. Let the conditions ( 11.5)) and ( 13.1)) hold. Then 

i) 1Z{uS) is meromorphic function of uj G C \ T with the values in C(L 2 , L 2 ); 

ii) For u G V, the convergence (limiting absorption principle) holds 

TZ(u±ie) ->K(u±iO), e -»■ 0+ (3.17) 

m C{L 2 a ,L\) with o > 1/2; 

Hi) For k = 0, 1, 2 and a > 1/2 + k the asymptotics hold 

\\n {k \uj)\\ c{L2M = 0(l), M-kjo, cueC\T (3.18) 

Remark 3.6. The reduction to the Schrodinger operator H allow us to deduce Lemma \3l5\ from 
Lemma^&M applying known results of Agmon |2]/ and Jensen-Kato |7]/. 
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3.2 Time decay 

In this section we combine the spectral properties of the perturbed resolvent TZ(u) and time 
decay for the unperturbed dynamics using the (finite) Born perturbation series. Denote by 
E the set of eigenvalues of the operators "H. Lemma 13.11) imply that the eigenvalues cannot 
accumulate to the points ±m and then the set E is finite. Our main result is the following. 

Theorem 3.7. Let conditions i ll. 5)) and Ii3.1\) hold. Then 



-un 



E 



j\\C(L*,L 2 _ a ) 



0(\t\ 



-3/2^ 



t -)■ ±00 



(3.19) 



,-es 



with a > | ; where Pj are the Riesz projectors onto the corresponding eigenspaces of operator 
H. 



Proof. By (13. 7p it suffices to prove that for a > 5/2 

|| e -«« _ J- e-^PjWtM^ = 0{\t\-^) 



t -> ±oo 



(3.20) 



where P 3 - = C -P/C are the Riesz projectors onto the corresponding eigenspaces of operator 
H. Lemma [3.51 and asymptotics (13. 13[) imply similarly to (I2.15p . that 

' 1 ' iui ^n{uj + iO)-n(uj-iO)\ilJo du; = if> t (t) + i/; h (t) (3.21) 



e-^Pjipo 



where 



2ni 



2ni 



with a small 5 > 0, and 



2vri 



l(u)e' luJt K(u + zO) - ft(w - iO) 



(3.22) 



^(t) = _E_ / h(u)e~ lwt K(uj + iO) - ft(w - z'0) 



(3.23) 



where /(co>) and /i(co>) are defined in Section 12721 Further we analyze ipi{t) and iph{t) separately. 
3.2.1 Low energy decay 

We consider only the integral over (m, m + 2e). The integral over (— m — 2s, —m) is dealt with 
in the same way. We prove the desired decay of ipi(t) using a special case of Lemma 10.2 from 
[7]. Denote by B a Banach space with the norm || ■ || . 

Lemma 3.8. Let F £ C([m,a], B) ; satisfy 

F(m) = F(a) =0, \\F"(u) \\ = 0(\u - m|" 3/2 ), w -> m (3.24) 

Then 



e~ itul F{u)du = 0{t~ 3/2 ), t oo 



(3.25) 
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Due to (I3.13p . we can apply Lemma El with F = l(u)(ll(u + iO) - 1Z(u - i0)), B 
C(L%, L 2 _ a ), a = m + 2e with a small e > and a > 5/2, to get 



||^WIlLi CT <C(l + |t|)- 3/2 ||^o||^ ieK, ^>5/2 
3.2.2 High energy decay 

The resolvents R(C), Ro{0 are related by the Born perturbation series 

r(0 = Ro(()i - MC)v MO + M0VM0VR(C), C e c \ [o, oo) 

which follows by iteration of R(C) = RoiO 1 ~ M0 V R{0- Then b Y we have 

K(u) = (iad x + V(x) + u)\r (cu 2 - m 2 )I - R (u 2 -m 2 )VR (u 2 - m 2 ) 
+ R (u 2 -m 2 )VR (uj 2 -m 2 )VR(uj 2 -m 2 ) 

Let us substitute the series f!3.28|) into the spectral representation (13.231) for iph{t)' 

Mt) = I e-^h{u){iad x + V(x) + u) \MC+) ~ MC-)ho du 
2m I L J 



(3.26) 



(3.27) 



(3.28) 



+ 2™ le~ lwt Ku){iad x + v{x) + uj) M(+)VM(+)-M(-)VM(-) 



+ 2mJ ^Kuj)(iad x + V(x) + u) Mt+)V Mt+)V R(t+) - MC-)VRq (C-)VR(C- 
r 

= i/> h i{t)+i/; h2 (t)+<il> h3 (t), teR 



ipodu 



where ( + = (u + iO) 2 — m 2 , = (u — iO) 2 — m 2 . We analyze each term ij)hki k = 1,2,3 
separately. 

Step 1) By (T23D, fl2TT9|) and (I2T2T]) for the first term ip hl (t) we have 

Ai(t) = -i{V{x) - mP)g h (t)ipo + U h (t)iPo 
Hence, fl2T22l) and fl2T2l) imply that 

!hM*)lk CT <C(l + |t|)- 3 / 2 |^o||x|, teR, <x>5/2 (3.29) 
Step ii) Let us represent the second term iph2(t) as 

Mt) = <Pi(t) + Mt) (3-30) 

where 



¥>i(*) = 7T-. / e-^^(o;)(V - m/3) R (( + )V R (( + ) - Mt-WMt-) 
2m 



ipodu 
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Mt) = 7^ I e^HK + f^ + w) R (( + )VRo((+) - R ((-)VRo((- 



r 

1 

2vri 



e- tuJt h(uj) n (uj + iO)VR (( + ) - TZ (uj - iO)VR ((-) 



ip du 



Let us consider the first term ifi(t). Denote 

P(u) = h{u)(V- mf3) [ J R (C+)^i?o(C+) - Ro((-WRo((-)]i>o 

We have 

supp P(co) G T £ := (— oo, — m — e) U (m + e, oo) 

and P" G L 1 (r E ;£(L2,L^ (T )) with a > 5/2 by (12TTUj) with I = and k = 2 since 1/ does not 
contain differential operators, see Remark 13.31 Then, two times partial integration implies that 

||^iWllLl CT <C(l + |t|)- 2 ||^ ||L|, *eR, a>5/2 (3.31) 

Now we consider the second term <f2(t)- Denote hx(u) = y/h(uJ) (we can assume that h(u) > 
and h G Cg°(R)). We set 

^w=2^/ e" iaJ ^i(w) [i*o(C+) - #o(C-)]V>o rfw = -iQ hl {t)^ 
v 

It is obvious that for (phi the inequality ( 13.291) also holds. Namely, 

||0w(t)|| ii(T <C(l + |t|)- 3 / 2 ||^ ||L^ teR, <x>5/2 

Now the term ^(i) can be rewritten as a convolution. 

Lemma 3.9. ('c/. JB, Lemma 3.11]) The convolution representation holds 



<p 2 {t) =i Ju hl {t- T)V<p hl (r) dr, t G 



(3.32) 



where the integral converges in L 2 _ a with a > 5/2. 

Applying Theorem 12.31 with hi instead of h to the integrand in f)3.32p . we obtain that 



C\\V ( f> hl {r)\\ L 2 i C x \\<j> hX {r)\\ I?i 



c- 



2 m Hi 



(l + |t-r|) 3 / 2 - (l + |t-r|) 3 / 2 - (l+|t-r|) 3 / 2 (l + |r|) 3 / 2 

(3.33) 

where a' G (5/2, (3 — 5/2). Therefore, integrating here in r, we obtain by ( 13 .32 j) that 



M*)|U* <C(l + |t|)- 3/2 ||^ ||L2, £ G R, a>5/2 



(3.34) 



Step Hi) Denote by Q(u) the integrand in ip h3 . Since Q" G I/ 1 (r e ; C{L 2 a , L 2 _ a )) with o > 5/2 by 
(I2.10p and ( 13. 15ft then, two times partial integration implies that 



/;3 



Ll <C(l + \t\)- 2 \\^ \\ L 2. teR, a>5/2 



(3.35) 
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Finally, the bounds ( 13^9|) . (133T|) . f )3~34j) and l335|) imply 

IM*)ILl„ <C(1 + |t|)- 3/2 ||^o||L|, teR, <x>5/2 
Theorem 13.71 is proved. □ 
Corollary 3.10. The asymptotics 43.20)) imply 41.6)) with the projector 

V c :=l- V d , V d =J2 P i ( 3 - 36 ) 



4 Application to the asymptotic completeness 

We apply the obtained results to prove the asymptotic completeness by standard Cook's argu- 
ment. 

Theorem 4.1. Let conditions 41.5)) and ( 13.1)) hold. Then 

i) For solution to 41.1)) mtt any initial function if)(0) G L 2 , t/ie Zona tzrae asymptotics hold 

= ^Vi+W(^± + r±(t) (4.1) 



where ipj are the corresponding eigenf unctions, <f>± G L 2 are tae scattering states, and 

\\r±(t)\\& -+0, t^±oo (4.2) 

izj Furthermore, 

||r ± («)||^ = 0(|r 1/2 ) (4-3) 

i/V>(0) G L 2 a > 5/2. 

Proo/. Denote X d := V d L 2 , X c := V C L 2 . For ^(0) G the asymptotics fl4~TD obviously hold 
with <fr± = and r±(t) = 0. Hence, it remains to prove for ip(Q) G X c the asymptotics 

^(t)=W(t)0± + r±(t) (4.4) 

with the remainder satisfying (14.21) . Moreover, it suffices to prove the asymptotics (14.41) . (14.31) 
for -0(0) G X c PI L 2 with a > 5/2 since the space L 2 is dense in L 2 , while the group W(t) is 
unitary in I? . In this case Theorem 13.71 implies the decay 

||V(t)lk CT <C(l + |t|)- 3 / 2 ||^(0)|U,, t^±oo (4.5) 

The function ip{t) satisfies the equation (II. ip . 

WW = (h + v)m 

Hence, the corresponding Duhamel equation reads 

t 

ip(t) = U{t)ip{0) + [u(t- T)Vip(r)dT, t G R (4.6) 
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Let us rewrite ( 14. 6 p as 

±oo ±oo 

4){t)=U{t) V(0)+ J U{-r)V4){T)dT - J U{t - r)V^{T)dr = U{t)(j>± + r±{t) (4.7) 
o t 

It remains to prove that <f>± G L 2 and (14. 3 p holds. Let us consider the sign "+" for the 
concreteness. The unitarity of U(t) in L 2 , the condition (II. 5p and the decay (14. 5 p imply that 
for a' G (5/2,min{a,/3}) 



\\U(-t)V^t)\\ l2 dr<Cj \\V^(r)\\ L2 dr<C x J U(t)\\ L 2_Jt < C 2 J < oo 



since |V(x)| < C(x)" /3 < C'(x)~ a ' . Hence, 4> + G L 2 . The estimate (14. 3p follows similarly. □ 
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